We study the Sivers asymmetry in semi-inclusive hadron production in deep inelastic scattering. We concentrate on the contribution from the photon-gluon fusion channel at O(α 2 em αs), where threegluon correlation functions play a major role within the twist-3 collinear factorization formalism. We establish the correspondence between such a formalism with three-gluon correlation functions and the usual transverse momentum dependent (TMD) factorization formalism at moderate hadron transverse momenta. We derive the coefficient functions used in the usual TMD evolution formalism related to the quark Sivers function expansion in terms of the three-gluon correlation functions. We further perform the next-to-leading order calculation for the transverse-momentum-weighted spindependent differential cross section, and identify the off-diagonal contribution from the three-gluon correlation functions to the QCD collinear evolution of the twist-3 Qiu-Sterman function.
In the second part of our paper, we study the NLO perturbative QCD corrections to the transverse momentumweighted spin-dependent SIDIS cross section. Our primary focus is again on the contributions of the three-gluon correlation functions. By analyzing the collinear divergence structure, we identify the evolution kernel for the QiuSterman function that includes the off-diagonal contribution from the three-gluon correlators. The hard coefficient function is evaluated at one-loop order.
II. SIVERS ASYMMETRY FROM THREE-GLUON CORRELATION FUNCTIONS
In this section we first study the contribution of the three-gluon correlation functions to the Sivers asymmetry in SIDIS within the twist-3 collinear factorization formalism. We establish the correspondence between such a formalism and the usual TMD factorization formalism at moderate hadron transverse momenta Λ QCD ≪ p h⊥ ≪ Q. Coincidently, we derive the coefficient functions C q←g by expanding the quark Sivers function in the conjugate Fourier b-space in terms of the three-gluon correlation functions. Such coefficient functions are a key ingredient of the usual TMD evolution formalism.
A. Three-gluon correlation functions
To define the twist-3 three-parton correlation functions, we consider a nucleon of momentum p µ = p +nµ , with n µ = [1 + , 0 − , 0 ⊥ ] expressed in light-cone coordinates. We also define a conjugated light-like vector n µ = [0 + , 1 − , 0 ⊥ ], which obeys n ·n = 1, n 2 = 0, andn 2 = 0. The widely studied twist-3 quark-gluon correlation function T q,F (x 1 , x 2 ) (the so-called "Qiu-Sterman" function) is defined as follows [38] : 
where we use the convention ǫ 0123 = +1, and N c = 3 is the number of the colors. Classification of three-gluon correlation functions was first considered in [32] . These functions have been studied in the context of open charm production in [33] [34] [35] [36] [37] . Generically, three-gluon correlation functions can be constructed as combinations of the gauge invariant correlation functions if abc F , where f abc and d abc are the anti-symmetric and symmetric structure constants of the SU (N c ) color group. With slightly different normalization from Ref. [35] , we define the following three-gluon correlation function:
where the gluonic color projection operators (C
The functions O αβγ (x 1 , x 2 ) and F αβγ (x 1 , x 2 ) correspond to symmetric and anti-symmetric combinations of gluon field-strength tensors and read [35] O αβγ (x 1 , x 2 ) = g s dy
where g αβ ⊥ = −g αβ +n α n β +n β n α . Our definitions are related to those of Refs. [33] [34] [35] by Koike et.al. as follows:
with M being the nucleon mass.
B. Spin-dependent cross section for SIDIS: three-gluon correlation functions
We now consider the contribution of the three-gluon correlation functions to the Sivers asymmetry for the SIDIS process, e(ℓ) + p(p, s ⊥ ) → e(ℓ ′ ) + h(p h ) + X. This process has already been studied in [35] . We will reproduce the result here, then compute its low p h⊥ ≪ Q limit and study the matching to the TMD factorization formalism.
The differential cross section that includes the Sivers effect, i.e. the sin(φ h − φ s ) module, can be written as follows [31, 39, 40] :
where F UU and F sin(φ h −φs) UT are the spin-averaged and transverse spin-dependent structure functions, respectively. σ 0 is given by
and x B , y, and z h are the standard SIDIS kinematic variables,
The transverse spin-dependent differential cross section d∆σ/dx
, which is the main focus of this section. It can be written as [35] 
where 
where D h/q (z) is the fragmentation function of a quark q into a hadron h, and the parton momentum p µ c = p µ h /z. In the following (and throughout the paper) we will only consider the so-called metric contribution [41] [42] [43] [44] , i.e. we contract w µν with −g µν and write w = [−g µν w µν ] below. Within the collinear factorization formalism, the transverse spin-dependent cross section is a twist-3 effect. To extract this effect, one has to perform a collinear expansion around a vanishing parton k ⊥ . For three-gluon correlation functions, the contribution can be written as [35] 
with ω µ ν = δ µ ν −n µ n ν . A generic diagram to calculate the photon-gluon hard-part function H abc ρδσ is sketched in Fig. 1 . Using Eqs. (2), (5), and (6), we can rewrite Eq. (13) as
where The relevant Feynman diagrams for the transverse momentum dependent differential cross section d∆σ/dx B dydz h d 2 p h⊥ at leading order (LO) are listed in Fig. 2 . The technique to extract twist-3 contributions is well explained in the literature. The idea is that the so-called "pole-propagators" and the on-mass-shell condition for the unobserved parton in the final-state lead to kinematic δ-functions, which can be used to integrate out the parton momentum fractions x 1 and x 2 . These parton momentum fractions x 1,2 generally depend on k ⊥ , and, thus, are expanded with respect to k ⊥ . After some algebraic manipulation we have the following "master formula":
where H 
with the partonic Mandelstam variableŝ
Feynman diagrams that enter the calculation of the photon-gluon fusion hard part. The mirror diagrams, where middle gluon is to the right of the unitary cut, also contribute and are included in our final result.
The final result for the transverse spin-dependent differential cross section is given by
where ǫ αβ is a two-dimensional anti-symmetric tensor with ǫ 12 = 1, and thus ǫ αβ s α ⊥ p β h⊥ = p h⊥ sin(φ h − φ s ). The hard-part functions H i=1,2,3,4 have the following expressions:
withx = x B /x andẑ = z h /z. Our results are consistent with those in [35] 1 .
C. Matching onto the TMD factorization formalism
It has been demonstrated that the collinear twist-3 factorization formalism and the TMD factorization formalism are consistent with each other in the kinematic region Λ QCD ≪ p h⊥ ≪ Q, see e.g., [7, 8, [45] [46] [47] [48] [49] . These demonstrations are for the quark-gluon correlation function T q,F (x 1 , x 2 ) only. In this paper we generalize the known correspondence to include the three-gluon correlation functions. First, we study the limit of the transverse spin-dependent cross section in Eq. (19) derived from the collinear twist-3 factorization formalism when p h⊥ ≪ Q. Using [46] δ p
we find that
where P q←g is the usual gluon-to-quark splitting kernel
with the color factor T R = 1 2 . It is instructive to point out that to arrive at the final result in Eq. (25) we have used integration by parts in Eq. (19) to convert all the derivative terms to non-derivative terms, as well as the fact that O(x, x), O(x, 0), N (x, x), N (x, 0) vanish when parton momentum fraction x → 1. On the other hand, the TMD factorization formalism [1] [2] [3] for the SIDIS process gives
where
is the transverse momentum dependent fragmentation function, S(λ ⊥ ) and H(Q 2 ) denotes the soft and hard factors, respectively. Note that here both f ⊥q 1T (x B , k 2 ⊥ ) and D h/q (z h , p 2 ⊥ ) are the so-called unsubtracted TMD functions [3] . Since we are mainly interested in the matching for three-gluon correlation functions, we thus use the leading order expansion for all other factors
At the same time, we just need the expansion of the quark Sivers function f ⊥q 1T (x B , k 2 ⊥ ) in terms of the three-gluon correlation functions when k ⊥ ≫ Λ QCD . The relevant Feynman diagrams are shown in Fig. 3 . We perform the same collinear expansion similar to Eqs. (13) and (16), and the final result can be written as
where to arrive at the above result we have again used integration by parts to convert all derivative terms to nonderivative terms.
Feynman diagram for expansion of the quark Sivers function in terms of the three-gluon correlation function. The mirror diagram where middle gluon is to the right of the unitary cut also contributes and is included in our final result.
Substituting this expansion, Eq. (29), into Eq. (27), we find:
It is evident that the above result reproduces the transverse spin-dependent differential cross section in Eq. (25), the one derived from the collinear twist-3 factorization formalism. We have thus demonstrated the consistency between the collinear twist-3 factorization formalism and TMD factorization formalism for the twist-3 three-gluon correlation functions at moderate transverse momenta, Λ QCD ≪ p h⊥ ≪ Q. Another result from our calculation above will be to obtain the QCD evolution equation of the Qiu-Sterman function T q,F (x, x), specifically the contribution from the three-gluon correlation functions. To achieve this, we start from Eq. (29) and using the following identify on the left hand side [38, 50] ,
we find (in the cut-off scheme)
The evolution equation corresponding to the above expression is then
which is exactly the same as the one derived before from different approaches [24, 27, 51] . In the next section, we will perform a complete NLO calculation for the p h⊥ -weighted transverse spin-dependent cross section, and re-derive this evolution equation using dimensional regularization.
D. Coefficient functions in TMD evolution formalism
To study the QCD evolution of TMDs, one usually defines the TMDs in the Fourier conjugated 2-dimensional coordinate space -the so-called "b-space". For the quark Sivers function, the common definition in b-space is the following [19, 23] 
In the perturbative region 1/b ≫ Λ QCD , one can expand the above quark Sivers function f
(x B , b) in terms of the corresponding collinear functions, i.e. the twist-3 Qiu-Sterman function T q,F (x 1 , x 2 ) as well as the three-gluon correlation functions O(x 1 , x 2 ) and N (x 1 , x 2 ). If we collectively denote them as f (3) (x 1 , x 2 ), we can write formally
where C q←i (x 1 ,x 2 ) is the coefficient function withx 1,2 = x B /x 1,2 . The precise meaning of the convolution ⊗ will be defined below, where the inclusion of the factor ib α 2 will also become clear. At leading order, one has [19, 20, 23] :
which tells us that the coefficient function C q←i at leading order is given by
Now, we will study the coefficient function C q←g from the expansion of the quark Sivers function in terms of threegluon correlation functions. To start, we redo the calculation which leads to Eq. (29) in n = 4 − 2ǫ dimensions, and obtain the following result:
where µ comes from the replacement g → gµ ǫ in n = 4 − 2ǫ dimensions. The factor 1 1−ǫ on the right hand side comes from the following replacement in Eqs. (5) and (6):
Performing the Fourier transform
we finally obtain the quark Sivers function in b-space in terms of the three-gluon correlation functions:
where 1/ǫ = 1/ǫ − γ E + ln 4π and c = 2e −γE . To arrive at the above result, we have used the following identity:
The terms with k α ⊥ in the integrand can be derived by taking derivative with respect to b α from the above formula. It is instructive to realize that the term ∝ −1/ǫ in Eq. (41) is simply the O(α s ) correction to the Qiu-Sterman function T q,F (x, x) (recall the evolution equation in Eq. (33)), and should thus be subtracted in the definition of the perturbative coefficient functions [3, 52] . If we write the coefficient functions as follows:
we then have
To summarize, we have derived the coefficient functions C q←g when expanding the unsubtracted quark Sivers function in terms of the three-gluon correlation functions. However, it is important to point out that such coefficient functions will be exactly the same even if one uses the new properly defined TMDs in [3] and/or [21, 53] 3 . This is because at order O(α s ) there is no contribution from soft factor subtraction [3, 52] . Thus, one can use the coefficient functions derived above in the standard TMD evolution formalism [20, 23] .
III. TRANSVERSE MOMENTUM WEIGHTED SPIN-DEPENDENT CROSS SECTION
In this section we study the transverse momentum-weighted transverse spin-dependent cross section at next-toleading order. Such a transverse momentum-weighted transverse spin-dependent cross section is defined as [31] :
The leading order result is proportional to the twist-3 quark-gluon correlation function T q,F (x 1 , x 2 ) and is given by [31] 
Since we will compute such a p h⊥ -weighted cross section at NLO, which contains divergences, we will present all results in n = 4 − 2ǫ dimensions, in which σ 0 in Eq. (47) is given by
The NLO correction from the photon-quark scattering channel γ * + q → q + g has already been computed in Ref. [31] , from which one derives the QCD evolution equation (factorization scale µ f -dependence) of the Qiu-Sterman function T q,F (x, x, µ 2 f ), in particular the contribution from itself. In this section, we study the photon-gluon scattering channel γ * + g → q +q. This will allow us to study the contribution to the QCD evolution of T q,F (x, x, µ 2 f ) from the twist-3 three-gluon correlation functions.
The relevant Feynman diagrams are given in Fig. 2 . The calculation is almost the same as the one presented in Sec. II B, i.e. it starts from the "master formula" in Eq. (16) to derive the final result in Eq. (19) . The only differences are as following: first, one has to perform all the calculations in n = 4 − 2ǫ dimensions, while Eq. (19) is the result in the usual 4 dimensions; second, one has to perform the p h⊥ -weight as specified in the definition Eq. (46) . There are a couple of places where one has to exercise extra care to ensure that the correct finite NLO corrections are obtained: first, for both Eqs. (5) and (6) , one has to make the replacement as specified in Eq. (39); second, one will encounter the following replacement in the calculations
Finally, the p h⊥ -weighted spin-dependent differential cross section can be written as follows:
where the finite hard-part functionsĤ i=1,2,3,4 are given in Eqs. (60), (61), (62), and (63), respectively. The result follows the standard form expected from collinear factorization, i.e. the logarithm containing the factorization scale together with the splitting function (the first line above) determines the evolution of the twist-3 Qiu-Sterman function in terms of the three-gluon correlation functions.
IV. CONCLUSIONS
In this paper we calculated the contribution of the three-gluon correlation functions to the Sivers asymmetry for semi-inclusive hadron production in deep inelastic scattering. Within the twist-3 collinear factorization formalism, we first studied the unweighted spin-dependent differential cross section. We then demonstrated that the result derived in such a framework is consistent with the one obtained from the transverse momentum dependent factorization at moderate hadron transverse momenta, Λ QCD ≪ p h⊥ ≪ Q. This extends the unification of the two mechanisms to include the case of three-gluon correlation functions. In the process of this demonstration, we also derived the O(α s ) expansion of the quark Sivers function in terms of the three-gluon correlation functions, from which we identified the so-called coefficient functions that are used in the usual TMD evolution formalism. We further calculated the next-to-leading order perturbative QCD corrections to the transverse-momentum-weighted spin-dependent differential cross section, from which we identified the off-diagonal contribution from the three-gluon correlation functions to the QCD collinear evolution of the twist-3 Qiu-Sterman function. We found that our evolution equation agrees with those derived previously from different approaches.
